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Abstract. We establish criteria for turbulence in certain spaces of C*-algebra repre- 
sentations and apply this to the problem of nonclassifiability by countable structures for 
group actions on a standard atomless probability space (X, fi) and on the hyperfinite 
Hi factor R. We also prove that the conjugacy action on the space of free actions of a 
countably infinite amenable group on R is turbulent, and that the conjugacy action on 
the space of ergodic measure-preserving flows on (X, fi) is generically turbulent. 



1. Introduction 

Descriptive set theory provides a natural framework for the study of the complexity of 
classification problems in analysis and dynamics [31\ [26] . Often one has a collection of 
objects that can be viewed as elements in a Polish space X and an equivalence relation E 
on X encoding the isomorphism relation between the objects. Consider for example the 
set of unitary operators on a separable Hilbert space with the strong operator topology 
or the set of measure-preserving transformations of a standard probability space with the 
weak topology, each under the relation of conjugacy. We may then attempt to gauge the 
complexity of E by the way it relates descriptively to other equivalence relations. Given 
another equivalence relation F on a standard Borel space Y, one says that E is Borel 
reducible to F if there is a Borel map 6 : X —* Y such that, for all x\,X2 £ X, x\Ex2 if 
and only if 6{x\)F9{x2)- If we can Borel reduce E to a relation on objects which are in 
some sense better understood, we may reasonably claim to have a classification theory. 

The relation E is said to be smooth if it can be Borel reduced to equality on R, i.e., if we 
can assign numerical invariants in a Borel manner. By a theorem of Glimm, the space of 
irreducible representations of a separable C*-algebra A is smooth precisely when A is type 
I (see Section 6.8 of |41j). The theorem of Ornstein asserting that entropy is a complete 
invariant for Bernoulli shifts provides another example of smoothness [39 1 . To show that a 
Borel equivalence relation E on X is not smooth, it suffices to demonstrate the existence 
of a Borel probability measure on X which is ergodic (i.e., every invariant Borel set has 
measure or 1) and is zero on every equivalence class. The relation Eq of tail equivalence 
on {0, 1} N satisfies this proper ergodicity condition in a prototypical way, and indeed 
when E is Borel the continuous embeddability of Eq into E is a universal obstruction to 
smoothness |24| . There is also a topological version of the proper ergodicity obstruction to 
smoothness via Baire category in the case that E arises as the orbit equivalence relation 
of the continuous action of a Polish group on X, namely that every equivalence class is 
both dense and meager (see Section 3.1 of |26j). 
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At a higher level of complexity is the notion of classification by countable structures, 
which means that E can be Borel reduced to the isomorphism relation on the space 
of countable structures of some countable language as implemented by the logic action 
of the infinite permutation group Soo with its unique Polish topology [26, Defn. 2.38]. 
Equivalently, E can be Borel reduced to the orbit equivalence relation of a Borel action 
of Soo on a Polish space [2j Sect. 2.7]. Non-smooth examples of this are the Halmos-von 
Neumann classification of discrete spectrum transformations by their sets of eigenvalues 
[23] and the Giordano-Putnam-Skau classification of minimal homeomorphisms of the 
Cantor set up to strong orbit equivalence by countable ordered Abelian groups [H]. Note 
that the isomorphism relation on any type of countable algebraic structure can be encoded 
as a continuous Soo-action on a Polish space (see Example 2 in |17j). 

In analogy with the topological proper ergodicity obstruction to smoothness, Hjorth 
developed the notion of turbulence as a means for demonstrating nonclassifiability by 
countable structures [26] . Let G be a Polish group acting continuously on a Polish space 
X. For ani£l and open sets U C X and V C G containing x and e, respectively, we 
define the local orbit 0(x, U, V) as the set of all y £ U for which there are g\, Q2, ■ ■ ■ ,g n £ V 
such that gk9k-\ ' • • 9i% £ U for each k = 1, . . . , n — 1 and g n Qn-\ ■ • • 9\x = y. A point 
i 6 I is turbulent if for all nonempty open sets U C X and V C G containing x and 
e, respectively, the closure of 0(x, U, V) has nonempty interior. The action is turbulent if 
every orbit is dense and meager and every point is turbulent. Section 3.2 of [26] shows 
that if the action of G on X is turbulent then whenever F is an equivalence relation arising 
from a continuous action of on a Polish space Y and 9 : X — ► Y is a Baire measurable 
function such that x\Ex2 implies 6(xi)F9(x2), there exists a comeager set C C X such 
that 9{x{)F9{x2) for all x\,X2 G C. As a consequence the orbit equivalence relation on 
X does not admit classification by countable structures. In fact to obtain this conclusion 
it suffices to show that the action is generically turbulent, which can be expressed by 
saying that some orbit is dense, every orbit is meager, and some point is turbulent (see 
Definiton 3.20 and Theorem 3.21 in [26]). By Theorem 3.21 of [26], if the action of G on 
X is generically turbulent then there is a G-invariant dense G$ subset of X on which the 
action is turbulent. 

Turbulence has now been established in several situations. Hjorth showed in [25] that if 
G is a countably infinite group which is not a finite extension of an Abelian group (which 
in this case is equivalent to G not being type I by a result of Thoma) then the space of 
irreducible representations of G on a separable infinite-dimensional Hilbert space JC under 
the conjugation action of the unitary group lt(IK) admits an invariant Gs subset on which 
the action is turbulent. Hjorth's argument yields the same conclusion more generally for 
the space of irreducible representations of any separable non-type I C*-algebra on "K. 
Within the type I realm, Kechris and Sofronidis established generic turbulence for the 
conjugation actions of IX(IK) on itself and on the space of self-adjoint operators of norm 
at most one with the strong topology [32] . 

Suppose now that G is a countably infinite group and consider the Polish space 
Act(£r, X, (a) of actions of G by measure-preserving transformations on a standard atom- 
less probability space (X, fi) under the weak topology, with the conjugation action of 
Aut(A, /i) = Act(Z, X, fi). Hjorth constructed a turbulent action which Borel reduces 
to the conjugacy relation on the space of ergodic automorphisms in Aut(G, X, fi) [27] 
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and used turbulence in spaces of irreducible representations to show nonclassifiability by 
countable structures for the subspace of free weakly mixing actions when G is not a finite 
extension of an Abelian group (see Theorem 13.7 in [31]). Foreman and Weiss proved that 
the action of Aut(X, \£) on the space of free ergodic actions in Act(G, X, (jl) is turbulent 
when G is amenable, using entropy and disjointness to obtain the meagerness of orbits 
and the Rokhlin lemma and orbit equivalence to verify that every point is turbulent |17j . 
Free weakly mixing actions of any countably infinite G considered up to unitary conjugacy 
also do not admit classification by countable structures [HU Thm. 13.8]. 

One of the main goals of the present paper is to develop a general spectral approach to 
the identification of turbulent behaviour in spaces of representations and actions. We prove 
that, for a separable C*-algebra A and a separable infinite-dimensional Hilbert space J£, 
the action of U(IK) on the Polish space of faithful essential nondegenerate representations 
of A on "K has the property that every point is turbulent and has dense orbit, while 
the meagerness of all orbits is equivalent to the isolated points of the spectrum A not 
being dense, so that the action is turbulent precisely in this case. The action of 
on the Polish space of all nondegenerate representations of A on "K is turbulent precisely 
when A is simple and not isomorphic to the compact operators on some Hilbert space. 
Furthermore, the orbit equivalence relation on the space of nondegenerate representations 
does not admit classification by countable structures as soon as A is uncountable (if A 
is countable then the classification of nondegenerate representations on "K is a matter of 
counting multiplicities of irreducible subrepresentations and hence is smooth). 

This spectral picture leads in particular to a unified proof of nonclassifiability by count- 
able structures for free weakly mixing actions of countably infinite G that does not rely 
on the type I/non-type I dichotomy, and also allows us to extend the conclusion to weakly 
mixing actions of many nondiscrete G of type I, such as M. d and SL(2,IR). We show 
moreover that the same nonclassifiability statements hold if we replace (X, fi) with the 
hyperfinite Hi factor R. What is of particular interest about the noncommutative con- 
text is the fact that, under amenability assumptions, actions on a factor can be classified 
up to cocycle conjugacy by cohomological invariants. For actions of countable amenable 
groups on R this was done by Ocneanu \38\ Thm. 2.6], extending the fundamental work of 
Connes on single automorphisms [9j. For finite groups one can go further and produce a 
classification up to conjugacy, as was done by Connes in the periodic case |10j and Jones 
in general [28j . 

In the case that the acting group G is countably infinite and amenable, we prove that the 
action of the automorphism group of R on the space of free G-actions on R is turbulent. 
To obtain the meagerness of orbits we follow the idea of Foreman and Weiss of using 
entropy and disjointness, although in the noncommutative situation a different technical 
perspective is required. We show for general second countable locally compact G that 
there exists a turbulent point with dense orbit, and deduce from this that every point is 
turbulent when G is countably infinite and amenable by applying Ocneanu's result that 
any two free actions are cocycle conjugate in this case, with bounds on the cocycle [381 
Thm. 1.4]. Our method for demonstrating the existence of a turbulent point with dense 
orbit also works in the commutative situation, yielding a proof that works equally well 
for nondiscrete G and does not involve orbit equivalence (compare [17] and Section 5 in 
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[31J). Using this we deduce that the action of Aut(X, p) on the space of ergodic measure- 
preserving flows on (X, p) is generically turbulent. 

The paper contains five sections beyond the introduction. Section 2 contains results on 
turbulence in spaces of C*-algebra representations, while Section 3 discusses the ramifica- 
tions of these for group representations. In Section 4 we discuss freeness and weak mixing 
and establish our nonclassifiability results for actions based on the spectral analysis of 
Section 2. Section 5 contains the proof of turbulence in the space of free actions of a 
countably infinite amenable group on R. Finally, in Section 6 we show generic turbulence 
in the space of ergodic measure-preserving flows. 

Acknowledgements. D.K. was partially supported by NSF grant DMS-0600907. H.L. was 
partially supported by NSF grant DMS-0701414. M.P. was supported by the EPDI and 
a JSPS fellowship for European researchers. M.P. is grateful to the Max-Planck Institut 
fur Mathematik for hospitality and to Yasuyuki Kawahigashi for hosting his stay at the 
University of Tokyo. The initial stages of this work were carried out during a visit of M.P. 
to Texas A&M University in July 2007. 

2. Representations of C*-algebras 

Let A be a separable C*-algebra and IK a separable infinite-dimensional Hilbert space. 
A representation tt : A — > 25 (IK) is said to be essential if tt(A) n 3C(K) = {0}, where 
OC(IK) denotes the C*-algebra of compact operators on IK. We say that tt is nondegenerate 
if for every nonzero vector £ G IK there is an a G A such that vr(a)^ ^ 0. If {h^}^ is 
an approximate unit for A, then tt is nondegenerate if and only if 7r(/i r) ) tends to the 
identity operator on K in the strong operator topology. In particular, if A is unital then 
tt is nondegenerate if and only if it is unital. By Voiculescu's theorem, any two faithful 
essential nondegenerate representations tt\ and TT2 of A on separable infinite-dimensional 
Hilbert spaces 2fi and IK2, respectively, are approximately unitarily equivalent in the sense 
that there exists a sequence of unitary operators U n : IKi — > K2 such that 

lim \\U n 7Ti(a)U~ - 7r 2 (a) II = 

n— >oo 11 11 

for all a G A, and every representation of A is approximately unitarily equivalent to a 
direct sum of irreducible representations [48]. (see also [i~3| IT]). 

We write Rep (A, IK) for the Polish space of all nondegenerate representations of A on 
IK whose topology has basis the sets 

V,«,e = {peRep(i,M) : \((p(a)-Tx{a))C,0\ < e for all a G F and £, C G ^} 

where tt G Rep(G, IK), F is a finite subset of A, Q is a finite subset of IK, and e > 0. Sets 
of the form 

{p G Rep(AK) : ||(p(a) - 7r(a))f [| < e for all a G F and £ G n} 

with the same type of tt, F, O, and e also form a basis for the topology. We write 
1X(IK) for the group of unitary operators on IK equipped with the relative strong operator 
(equivalently, relative weak operator) topology, under which it is a Polish group. We will 
be concerned with the continuous action (U,tt) h- > AdU o tt of U(IK) on Rep(A, K). 

The spectrum A of A is defined as the set of unitary equivalence classes of irreducible 
representations of A equipped with the topology under which the canonical map from A 



TURBULENCE 



5 



onto the primitive ideal space of A with the Jacobson topology is open and continuous 
[41 \ Sect. 4.1]. As usual we identify elements in A with their representatives. As we 
are assuming A to be separable, the topology on A is second countable [151 Prop. 3.3.4]. 
This topology can also be described in terms of weak containment or, in the case that A 
has no finite-dimensional irreducible representations, as the quotient topology on unitary 
equivalence classes of irreducible representations in Rep(j4, "K) (if A has finite-dimensional 
irreducible representations then one can stabilize and use the canonical homeomorphism 
from AtpK to A) [El Sects. 3.4 and 3.5] [SJ II.6.5.16]. 

In the proof of the following lemma we use a rotation trick as in [25] . For a closed linear 
subspace E of "K we write Pe for the orthogonal projection of "K onto E. 

Lemma 2.1. Let ir E Rep(A, !H). If it is faithful and essential then it has dense orbit and 
is a turbulent point for the action o/U(!K). If it is not faithful or not essential then its 
orbit is nowhere dense. 

Proof. Suppose first that tt is faithful and essential. To establish turbulence, let Y be a 
neighbourhood of n in Rep(^4, IK) and Z a neighbourhood of 1 in lt(3i). We will show 
that the closure of the local orbit Q(tt,Y,Z) has nonempty interior. We may suppose by 
shrinking Y and Z if necessary that Y = Y n K,fi e arid Z = Z± t Q >£ where K is a finite subset 
of A, $7 is a finite subset of the unit ball of IH, and e > 0. Suppose that we are given a 
a E Y. Let L be a finite subset of A, T a finite subset of the unit ball of !K, and 5 > 0. 
We will construct a norm continuous path of unitaries Wt E lt(J{) for t £ [0,7r/2] such 
that W = 1, Ad W t o 7T E Y for every i £ [0, tt/2], and Ad W„. /2 ottE 1^l,t,«5- This will 
show that a lies in the closure of Q(tt,Y, Z), since the continuity of the path permits us 
to find to = < t\ < t2 < ■ ■ ■ < t m = tt/2 such that W^Wf^ G Z for each i = 1, . . . ,m. 

We may assume that T contains f2 and that 5 is small enough so that ||cr(a)£ — 7r(a)£|| + 
5 < e for all a £ K and (gO, Let E be the subspace spanned by T U ir(K)T U c(L)Y. 
Since ir is faithful and essential, by the matrix version of Glimm's lemma [8] (see also 
Lemma II. 5. 2 in [13] and the paragraph following it) there is an isometry V : E — > "K such 
that VE _L span(£Uvr(KUL)*£) and \\V*ir(a)V - P E o-(a)\ E \\ < 5 for all a £ KUL. For 
each t £ [0, 7r/2] let Wt be the unitary operator on "K which is the identity on (E © VE) 1 - 
and acts on E © VE in 2 x 2 block form as 

" cos(i)l $m{t)V*~ 
-sin(t)V cos(i)l ' 

Let t £ [0,7r/2], a £ K U L, and £ £ Y. Since ||Py B 7r(a)^ - Vo-(a)f|| < <$ an d 
7r(a)y£ £ i? -1 - we have, writing c = cost and s = sint, 

WtTrCaJWrt = Wt(crr(a)f + svr(a)ye) 

»i W(cvr(a)^ + slMa)£ + sPi eyi; 7r(a)T/£) 
= c 2 vr(a)£ + s 2 a(a)C + csV(-ir(a)^ + tr(a)£) + si^ e v£7r(a)V£ 
It follows that if a £ K and £ £ O then 

||P s (W7r(a)Wrt " *r(a)OII ^ H c M a K + s M a K " <a)S\\ + $ 

= s 2 ||a(a)e-vr(a)e|| +5 
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< e. 

and so Ad Wt ° tt G Y since is contained in the unit ball of E. In the case t = tt/2 and 
a G L we obtain ||-Ps(W /r 7r/2 7r ( cl )Ww2^ ~~ fT ( a )OII < ^ an d so AdW w /2 07r e Yt,l,t,5 since T 
is contained in the unit ball of E. We thus conclude that a lies in the closure of 0(tt, Y, Z) 
and hence that tt is a turbulent point for the action of TX(CK). Moreover, since we have 
shown that Y C 0(7r, Y, Z) for any y of the form K,Q,ei we see that the orbit of a is 
dense. 

Now if tt is any faithful representation in Rep(^4, K) then for every a G A we evidently 
have <j{cl) ^ for all a in some neighbourhood of tt. Since the faithful representations are 
dense in Rep(^4, K) by the first paragraph, we deduce that the orbit of every nonfaithful 
representation is nowhere dense. 

Suppose finally that tt is a representation in Rep(A, K) which is not essential. Then 
ir(A) contains a nonzero positive compact operator, and hence by the functional calculus 
there is an a G A such that 7r(a) is nonzero and of finite rank. Take a faithful essential 
representation a G Rep(G, K) (for example, a representation unitarily equivalent to p® N 
for any faithful p G Rep(G, IK)). It is readily seen that for every a' in some neighbourhood 
of a the range of cr'(a) has dimension larger than the rank of 7r(a). Since the orbit of a is 
dense as shown above, we conclude that the orbit of tt is nowhere dense. □ 

Since for an action of a group on a second countable topological space the set of points 
with dense orbit is a G$, we obtain from Lemma 12. II the following. 

Lemma 2.2. The set of faithful essential representations in Hep(A, K) is a dense Gs- 

The following was observed for unitary representations of countable groups in Proposi- 
tion H.2 of [31] but the same argument applies more generally. 

Lemma 2.3. Let tt, a G Rep(^4, K) and let p be an element of Rep(^4, K) unitarily con- 
jugate to cr® N . Then tt is weakly contained in a if and only if tt lies in the orbit closure of 
P- 

For each open set U C A there is a closed ideal I C A such that U is equal to the set 
A 1 of all a G A for which o~(I) 0, and the restriction map A 1 -7 is a homeomorphism 
[j~5| Sect. 3.2]. This sets up a bijective correspondence between the open subsets of A and 
the closed ideals of A, and for each closed ideal 7 we regard 7 as an open subset of A. 

We write A\ for the set of isolated points in A. This set is countable because A is second 
countable, which follows from the separability of A [151 Prop. 3.3.4]. 

Lemma 2.4. Let A be a separable C* -algebra such that A\ is not dense in A. Let 7 be the 
closed ideal of A for which 7 is the complement of the closure of A\. Let tt G Rep(A, K) 
and set IK/ = 7r(7)IK. Then the set (vrl^)- 1 of representations in Rep(A, K) which are 
disjoint from tt\ ^ is a dense Gs- 

Proof. By Lemma 3.7.3 of [15] . (tt\j{ i )~ L is a Gs subset of Rep(^4,K). By Voiculescu's 
theorem [48, Cor. 1.6], the orbit closure of a given element of Rep(^4, K) is the same as 
the orbit closure of some tt' = ttq © ©^g^vrfc with tto(7) = {0}, K a countable index set, 
and 7Tfc G 7 for each k G K. To show that {tt\'k i ) 1 ' is dense, it suffices to show that tt' is 
in the orbit closure of some element in (vr | ^h:^ ) _L - 
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We first argue that each nonempty open subset of / is uncountable. Indeed suppose to 
the contrary that there is a countable open set U C I. Let Iq be the closed ideal of A such 
that Iq = U. By Lemma 1.3 of [49], J has an isolated point. This point is also isolated 
when viewed as an element of A, yielding a contradiction. 

Since K/ is separable, the set D of irreducible subrepresentations of ir\ ^ is countable. 
Thus, since I is second countable and each of its nonempty open subsets is uncountable, 
we can construct a countable set E C I\D which contains tt^ in its closure for each k G K. 
Then 7r|^ 7 is disjoint from ttq © © pg £ P® N , and tt' is weakly contained in ttq © © pe £ P® N 
|15} Thm. 3.4.10] and hence lies in the orbit closure of every representation in Rep(^4,IK) 
unitarily conjugate to ttq © © pg £:/0® N by Lemma [2731 This finishes the proof. □ 

Write FE(A, K) for the ll(IK)-invariant set of faithful essential representations in 
Rep(^4, K), which is a dense G$ by Lemma 12.21 

Theorem 2.5. Let A be a separable C* -algebra. If A\ is dense in A then the action of 
U,(IK) on Rep(A, K) has a dense Gs orbit, while if A\ is not dense in A then the restriction 
of the action to FE(y4,IK) is turbulent. Furthermore, the action on Rep(j4,K) is turbulent 
precisely when A is simple and not isomorphic to the compact operators on some Hilbert 
space. 

Proof. Suppose first that A\ is dense in A. Let / be the closed ideal of A such that I = A\. 
For each tt G A{ let 1^ be the closed ideal of A such that I n = {it}. Note that the set V 
of all representations in Rep(A, K) which are nondegenerate on / can be expressed as 

oo 

Pj {<t£ Rep(G, IK) : ||o"(a)£n|| > ^||^ n || for some a in the unit ball of ^4} 

n=l 

for a given dense sequence {^ n }^ ! L 1 in the unit sphere of K and hence is a Gs- Given an £ I, 
choose a projection p n G 1^ such that ir(pn) has rank one. Then for every n G N the set 
Vx^n of all 7T G Rep(^4, K) such that Tr(a(p w )) > n is easily seen to be open by expressing 
Tr in terms of a fixed orthonormal basis of K. As A is second countable, / is countable. 
Set p = ©^g^. vr® N . By Lemma 1.4 of [49], every representation of J is a direct sum of 
irreducible representations. Consequently the orbit of p is precisely V D n^eX HneN ^ir,n ; 
a Gs subset of Rep(A, K). Moreover, since by Voiculescu's theorem the orbit closure of 
any element in Rep (^4, K) is equal to the orbit closure of some direct sum of irreducible 
representations |48} Cor. 1.6], we see by |15^ Thm. 3.4.10] and Lemma 12.31 that the orbit 
of 7r is dense in Rep (A, K). 

Suppose now that Ai is not dense in A. To establish that the action of U(K) on 
FE(^4,K) is turbulent, it suffices by Lemma 12.11 to show that every orbit in FE(A, IK) is 
meager. Let tt G FE(A, K). Let / be closed ideal of A such that / is the complement of 
the closure of A\ in A. Then tt(I) ^ {0} by faithfulness, and so the orbit of tt is meager 
by Lemma 12.41 Thus every orbit in FE(yl, IK) is meager and we have turbulence. 

Finally, if A is simple and not isomorphic to the compact operators on some Hilbert 
space then every representation is faithful and essential and the topology on A is trivial. 
Thus by Lemma 12.11 every orbit in Rep(>l, K) is dense and so the action is turbulent in 
view of what we know from above. If A is isomorphic to the compact operators on some 
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Hilbert space then its spectrum is a singleton and so from above there is a dense Gs orbit 
in Rep(A, !K). If A is not simple then it has a nontrivial quotient and hence a nonfaithful 
representation in Rep(^4, "K), and the orbit of this representation is nowhere dense by 
Lemma l2.lt so that the action fails to be turbulent. □ 

Corollary 2.6. Let A be a separable unital antiliminary C* -algebra. Then the action of 
U(!K) on Rep(^4, !K) is generically turbulent. 

Proof. This follows from the theorem because the existence of an isolated point of A 
would yield an ideal isomorphic to the compact operators on a separable Hilbert space 
|491 Lemma 1.3], contradicting antiliminarity. □ 

If A is a separable C*-algebra such that A is countable, then every representation 
of Rep(A,!K) is a direct sum of irreducible representations [HI Lemma 1.4], and the 
associated multiplicity function A — > {0,1,..., oo} is a complete invariant for unitary 
equivalence. So in this case the classification of elements in Rep(A, "K) up to unitary 
equivalence is smooth. On the other hand: 

Theorem 2.7. Let A be a separable C* -algebra such that A is uncountable. Then the 
elements of Rep (^4, !K) up to unitary equivalence do not admit classification by countable 
structures. 

Proof. By the Cantor-Bendixson theorem, the set P of condensation points in A is perfect 
(and in particular closed) and its complement is countable. Since A is uncountable, P 
is nonempty. Thus there is an ideal I Q A such that P is equal to the set Aj of all 
a £ A for which cx(I) = 0, and the map h : Aj — > A/ 1 obtained by passing to the 
quotient is a homeomorphism [15} Sect. 3.2]. Then A/ 1 is nontrivial and A/ 1 contains 
no isolated points. By Theorem 12.51 above and Corollary 3.19 of [26] the elements of of 
Rep(^4/I, "K) up to unitary equivalence do not admit classification by countable structures. 
Since Rep(A/I, "K) can be view as the closed set of all representations in Rep(A, "K) which 
factor through A/ 1, we obtain the theorem. □ 

Finally we turn to the problem of classifying irreducible representations. By Glimm's 
theorem (see Section 6.8 of |41]). a separable C*-algebra is of type I if and only if the 
Mackey Borel structure on A is standard. This is strengthened by the following result, 
which was shown by Hjorth for countable discrete groups [25] by a different argument that 
can also be applied to our more general setting. 

Theorem 2.8. Let A be a separable non-type I C* -algebra. Then the irreducible repre- 
sentations of A on Ji up to unitary equivalence do not admit classification by countable 
structures. 

Proof. Since A is not of type I, by Glimm's theorem Thm. 6.8.7] there exists an 
essential irreducible representation tt of A on "K. Set B = yl/ker(-7r). Write Irr(S,^K) for 
the set of irreducible representations in Rep(B,!K), which is a dense G$ by Lemma I2TT1 
and [UJ Prop. 3.7.4]. Since B admits a faithful irreducible representation its spectrum B 
contains no isolated points and so by Theorem 12.51 the action of U(!K) on Rep(-B, !K), and 
hence also on Irr(B,Jf), is generically turbulent. We may view Irr(I?,!H) as the closed 
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subset of Irr(^4, IK ) consisting of those irreducible representations of A which factor through 
B, and so we conclude by Corollary 3.19 of [26J that the irreducible representations of A 
do not admit classification by countable structures. □ 

3. Representations of groups 

Here we record some consequences of Section [2] for unitary group representations. Let 
G be a second countable locally compact group. We write Rep(G, K) for Rep(C*(G), K), 
and we denote by WM(G, IK) the subset of representations in Rep(G, K) which are weak 
mixing, i.e., which have no nonzero finite-dimensional subrepresentations. The subset 
WM(G,M) is a G$ [4] and it is dense precisely when G has property T [35| |3"T]. 

As mentioned previously, Theorem 12.81 specializes in the group setting to the following 
theorem of Hjorth [25]. Actually Hjorth proved the result in the discrete case but his 
argument works more generally using Glimm's theorem. 

Theorem 3.1 (Hjorth). Suppose that G is not of type I. Then the irreducible representa- 
tions of G do not admit classification by countable structures. 

By Theorem 12. 7} the orbit equivalence relation of U(IK) acting on Rep(G, K) either 
does not admit classification by countable structures or is smooth according to whether 
G is uncountable or countable. As an example of Fell illustrates, it is possible for a 
noncompact second countable locally compact group to have countable dual (see Section IV 
of pQ). On the other hand, we can deduce nonclassifiability for countable structures when 
G is countably infinite or a noncompact separable Lie group, and in these cases we can 
furthermore restrict to representations that are weakly contained in Ac as we now explain. 

We write G\ for the reduced dual of G, i.e., the closed set of all elements in G which 
are weakly contained in Ac We denote by Rep A (G, IK) the closed set of representations 
in Rep(G, K) which are weakly contained in Ac By Proposition H.2 in [31 J this is equal 
to the closure of the orbit of A^ N viewed as a representation on K via some unitary 
equivalence. We write WM A (G, IK) for WM(G, IK) D Rep A (G, K). 

The following is well known. 

Lemma 3.2. Suppose that G is countably infinite. Then the left regular representation 
Xg has no irreducible subrepresentations and G\ has no isolated points. 

Proof. By Corollary 5.12 of [44], G has no square-integrable irreducible representations 
and thus, since square-integrability for a representation is equivalent to being a subrepre- 
sentation of Ac G has no irreducible subrepresentations. Consequently G\ has no isolated 
points by Corollary 1.9 of 09]. □ 

Theorem 3.3. Suppose that G is countably infinite. Then the action of U(IK) on 
Rep A (G, IK) is generically turbulent. Furthermore, the action is turbulent precisely when 
C^(G) is simple. 

Proof. The result then follows by Lemma 13.21 and Theorem 12.51 □ 

Combining Theorem 13.31 with Corollary 3.19 of [26j yields: 

Theorem 3.4. Suppose that G is countably infinite. Then the elements o/Rep A (G, IK) 
up to unitary equivalence do not admit classification by countable structures. 
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Remark 3.5. In Theorems 13.31 and 13.41 we can replace Rep A (G, JC) by WM\(G,!K), as 
follows from the following fact, which we record as a proposition for future reference. 

Proposition 3.6. For a second countable locally compact group G, WM^(G, Di) is a dense 
G$ subset of Rep A (G, "K). 

Proof. If G is amenable then Rep A (G, Ji) = Rep(G, "K) and, by Theorem 2.5 of [I], 
WM(G, JC) is a dense G$ subset of Rep(G, !K). If G is nonamenable then every element of 
Rep A (G, "K) is weakly mixing, for if an element of Rep A (G, "K) contains a finite-dimensional 
subrepresentation ir then ir (g) tt contains the trivial representation and is weakly contained 
in Ac contradicting nonamenability. □ 

Theorem 2.5 of [Tj asserts that a separable Lie group whose reduced dual is countable 
must be compact, and so by Theorem 12.71 we can conclude the following. 

Theorem 3.7. Let G be a separable noncompact Lie group. Then the elements of 
Rep A (G, "K) up to unitary equivalence do not admit classification by countable structures. 



4. Trace-preserving actions 

Let M be a von Neumann algebra with separable predual, and let r be a faithful normal 
tracial state on M. We write ||-||2 for the T-norm on M, i.e., ||a||2 = r(a*a) 1//2 . Let G be 
a second countable locally compact group. We denote by Act(G, M, r) the Polish space 
of continuous r-preserving actions of G on M whose topology has as a basis the sets 

Y aj K,n,e = {P G Act(G,M,r) : \\(3 s (a) - a s (a)|| 2 < e for all s G K and oefi) 

where a G Act(G, M, r), K is a compact subset of G, £1 is a finite subset of M, and 
e > 0. We equip the group Aut(Af, r) of r-preserving automorphisms of M with the 
Polish topology which has as a basis the sets 

Z a ,n,e = {13 G Aut(i?,G) : ||0(a) - a(a)|| 2 < £ for all a G SI} 

where a G Aut(i?, G), Q is a finite subset of M, and e > 0. We have a continuous action 
of Aut(M, r) on Act(G, M, r) given by (7 • a) s (a) = (70^0 7 _1 )(a) for all s G G, a G A 
7 G Aut(M,r), and a G Act(G, M, t). 

For every a G Act(G, M, r) we write K a for the associated the unitary representation 
of G on the GNS Hilbert space L 2 (M, r) given by 7r CT (s)a^ = a s (a)£ for a G M, where ^ is 
the canonical cyclic vector and M is viewed as acting on L 2 (M, r) via left multiplication. 
The restriction of K a to L 2 (M, r) CI will be denoted k Qj o. 

An action a G Act (G,M,r) is said to be ergodic if k Qi o is ergodic (i.e., if k Qj q has no 
nonzero G-invariant vectors), and weakly mixing if K a ^ is weakly mixing (i.e., if k Qi o has 
no nonzero finite-dimensional subrepresentations). See [471 App. D] for some standard 
characterizations of weak mixing for actions. We write WM(G, M, t) for the set of weakly 
mixing actions in Act(G, M, r). This is a G$ set, as the proof of Proposition 2.3 in [4] 
shows. 
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4.1. Freeness. An automorphism 9 of a von Neumann algebra M is said to be properly 
outer if for every nonzero ^-invariant projection p the restriction of 9 to pMp is not 
inner |29j [46} Defn. XVII. 1.1]. We may equivalently quantify over ^-invariant projections 
in the centre of M (see the comment after Theorem XVII. 1.2 in [46]). An action a 
of G on M is said to be free if a s is properly outer for every s G G \ {e}. In the 
commutative case this is equivalent to the usual definition for actions on probability spaces. 
The aim of this subsection is to show that when G is countable the free actions form a G$ 
subset of Act (G,M,t), which was observed by Glasner and King for measure-preserving 
tranformations of a standard atomless probability space [20] . To this end we will establish 
in Lemma |4. 21 some characterizations of proper outerness in the tracial case. Compare 
Thm. 1.2.1] and 021 Thm. 3.3]. 




An example of a noncommutative free action in the case that G is countably infinite 
is the Bernoulli shift on the weak operator closure of M® G (with n > 2) in the tracial 
representation, which is isomorphic to R. The freeness of (3 can be seen as follows. If 
s is an element of G of infinite order then it is well known and easy to check that the 
automorphism (3 S is mixing and in particular ergodic, in which case (3 S is not inner, for 
otherwise any unitary witnessing the innerness would be different from 1 and fixed by (3 S . 
If s is an element of G \ {e} of finite order then f3 s is conjugate to an automorphism as in 
the statement of the following proposition and hence is not inner. Thus (3 is free. 

Proposition 4.1. Let n > 2 be an integer and let a be an automorphism of M n which is 
not the identity. Let 9 be the extension of a® N on the weak operator closure R of M® N in 
the tracial representation. Then 9 is not inner. 

Proof. We can express a as Adu for some unitary it G M n . Suppose that 9 is inner. Then 
(3 = Adf for some unitary v G R. Let k > 1. Then 9 restricts to Adu®' 1 '^ on Mn^' k K 

5§ [1 fel 

Denote by E k the trace-preserving conditional expectation of R onto M n . For every 



a G M® [1 ' k \ from (u®^)a(u®^)* v = 9{a)v = va we obtain (u^'^aiu^ 1 ^)* E k (v) = 
E k (v)a. Then (u®^)*E k (v) is in the centre of M® [1,fc] and hence E k (v) = \ k (u®^) 
for some X k G C. As k -> do, |A fc | = ||A fc (u®P-' fc ])[|2 = \\E k (v)\\ 2 -> \\v\\ 2 = 1. We also 
have E k {v) = E k {E k+l {v)) = E k {\ k+l {u^ l > k+l ^)) = tv{u)\ k+1 {u®^), where tr denotes 
the normalized trace on M n . Thus = tr(it)Afc + i. It follows that |tr(u)| = 1. By 
the Cauchy-Schwarz inequality we get u G C. This implies that a = Adu is trivial, 



The equivalence of the first two conditions in the following lemma is due to Connes, 
who proved it for arbitrary automorphisms of a countably decomposable von Neumann 
algebra [HI Thm. 1.2.1]. 

Lemma 4.2. Let M be a von Neumann algebra with faithful normal tracial state r. Let 
9 G Aut(M, r). Let < A < 1/3 and < e < 1. Let S be a r-norm dense subset of the 
set of all nonzero projections in M. Then the following are equivalent: 

(1) 9 is properly outer, 

(2) for every nonzero projection p G M there is a nonzero projection q G M with q < p 
and \\q9(q)\\ < e, 




contradicting our assumption. Therefore /3 is not inner. 



□ 



12 DAVID KERR, HANFENG LI, AND MIKAEL PICHOT 

(3) for every nonzero projection p E M there is a nonzero projection q E M with q < p 
and \\q0(q)\\2 < e\\qh, 

(4) for every p E S there is a projection q E M with q < p, \\q0{q)\\2 < s\\q\\2i an d 
r(g) > Xt{p), 

(5) for every nonzero projection p E M there is an x E pMp with \\x — 9(x)\\ 2 > 
(l-e)Nl2, 

(6) /or every nonzero 6-invariant projection p E M i/tere is an x £ pMp with \\x — 
e(x)\\ 2 >(l-e)\\xh. 

Proof. (1)=>(2). This is part of Thm. 1.2.1]. 

(2) =>(3). With g as in (2) we have 

ll<7%)lll = H%)</lll = r(qqe(q)qq) < T(q\\q9(q)q\\q) 
= \\qe(q)q\\T(q) = \\qe(q)f\\q\\l<s 2 \\q\\l 

(3) =>(5). This follows by observing that q as in (3) satisfies 

Ik - o( q )h > \\q - gO{g)h > hh - \\q9(q)h > (i - e)\\<ih- 

(5) =>(6). Trivial. 

(6) =r-(l). Suppose that 9 is not properly outer. Then there exists a nonzero ^-invariant 
projection e E M such that #| e Me is equal to Adu for some unitary u E eMe. Let p be 
a nonzero spectral projection of u such that \\up — tp\\ < (1 — e)/2 for some t E C with 
|i| = 1. Then p is ^-invariant, and for every x E pMp we have 

\\x — 9(x)\\ 2 = \\{tp)x(tp) — UpxpU*\\2 

< \\(tp - up)x(tp)\\ 2 + \\upx(tp - pu*)\\ 2 

< \\tp — up\\ ||x||2||tp|| + ||up|| ||x||2||ip — pu*\\ 
<(l-e)\\x\\ 2 , 

contradicting (6). 

(3)=r-(4). Let p E S. Let {qj}jeJ De a maximal family of subprojections of p such that 
qj _L qk and qj _L 6(qk) for all distinct j,k E J and 11^^(^)112 < ^Ikjlh for each j E J. Set 
q = IljeJlj- Then 

\\qe(q)\\ 2 2 = r(q0(q)q) ^T^^-) = ]T [|<&0(<&)[ll 

< £ 2 £lMl = £ 2 lklli, 

and hence ||g#(g)||2 < e||?||2- We claim that p ^ V gV 0(q). Suppose that this is not 

true. Since the range projection p' of p(9~ 1 (q) V g V 9{q)) is equivalent to the orthogonal 
complement of its kernel projection, which is a subprojection of 9~ 1 (q) VgV 0(q), we see 
that p' 7^ p. By (3) we can find a projection e E M with e <p — p' and ||e0(e)||2 < e"||e||2 • 
Then e(0 _1 (g) VgV 0(g)) = ep(9^ 1 (q) VgV 0(g)) = and hence we can add e to the 
family {pj}ji=j to get a larger family, which is a contradiction. Thus p ^ (?) VgV 9{q) 
as claimed. Note that for any projections e\ y e 2 E M we have ei V e2 = ei + e^ for some 
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63 ~ e 2 — ei A e2 and hence r(ei V e2) < r(ei) + T(e2). Thus 

r(p) < r^fo) V g V 9(g)) < r{9-\q)) + r(g) + r(%)) = 3r(?). 

(4)=>(5). With e as in (4), let us show that (5) holds for any given e' satisfying 1 > 
e' > e. Take a p' £ S with \\p — p'\\2 < 5 for 5 to be determined later. By (4) we can find 
a projection q' £ M with q' < p' and ||</#(<z')ll2 < e lk'l|2 and r{q') > Ar(p'). As in the 
proof of (3)=^(5) we have \\q' — 0{q')\\2 > (1 — e)||(/[|2- Set x = pq'p £ pMp. Then 

ll x ~~ q'Wz = Wpq'p — pVp'lta < 2||p — p'||2 < 25 

and hence 

||x|| 2 > \\q'h -25 > \ X/2 \\p'h " 25 > A 1/2 (||p|| -8)-26> -^—6, 
granted 5 is chosen small enough. Therefore 

\\x - 9(x)\\ 2 > \\q' - e(q')\\ 2 - 2\\x - q'\\ 2 > (1 - e)\\q'\\ 2 - AS 
> (1 - e)\\x\\ 2 - 45 > (I - e')\\x\\ 2 . 

□ 

Lemma 4.3. Let M be a von Neumann algebra with separable predual and faithful normal 
tracial state r. Then for a countable G the set of free actions in Act(G, M, r) is a G$. 

Proof. Take an increasing sequence K\ C K 2 C . . . of finite subsets of G whose union is 
G \ {e}, and an increasing sequence f2i C $7 2 Q ■ ■ ■ of finite sets of nonzero projections 
in M whose union is r-norm dense in the set of all nonzero projections in M. For every 
n G N write W n for the open set of all a £ Act(G, M, r) such that for every s £ K n and 
p £ f2 n there is a projection q < p satisfying ||qra: s (q , )||2 < IMb/3 and \\q\\ 2 > ||p||2/2. Then 
W := fl^=i W n is a G5, and it consists precisely of the free actions by Lemma li~2l □ 

4.2. Nonclassifiability by countable structures. The proof of the theorems in this 
subsection will require Gaussian and Bogoliubov actions (cf. the proof of Theorem 13.7 in 
[31]). and so we will begin by briefly recalling these constructions. 

Gaussian Hilbert spaces provide a standard means for producing actions from rep- 
resentations (see Appendix E of [H] or Appendix A. 7 of [3j). Let IK be a separa- 
ble infinite-dimensional real Hilbert space. Write v for the standard Gaussian measure 
on R. Fix an isometric isomorphism ip : Ji — » Jf :1: where IK is the 
closed subspace of L2(M N , ^ N ) spanned by the coordinate projections, i.e., the first Wiener 
chaos. Then associated to each orthogonal operator S on K is a unique automorphism 
in Aut(M N ,z/ N ) whose Koopman operator restricts on to ip o S o ip^ 1 . Thus from 
every representation in Rep(G, JC) we obtain a ^-preserving action of G on (M N ,^ N ), 
called a Gaussian action, and up to conjugacy this action depends only on the orthogonal 
equivalence class of the representation. The orthogonal Koopman representation for the 
Gaussian action associated to a ir £ Rep(G, Ji) is orthogonally equivalent to the direct 
sum S n,K °f an symmetric tensor powers of ir. 

By the Gaussian action associated to a unitary representation of G on a separable 
infinite-dimensional complex Hilbert space !K we mean the Gaussian action obtained from 
the induced orthogonal representation of G on the realification of C K. From the description 
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of the orthogonal Koopman representation in the latter case we see that if n is weakly 
mixing then so is /?, and if tt is weakly contained in Xg then so is Kg,o- These two facts 
will be used in the proof of Theorem 14.41 

Bogoliubov actions are constructed as follows (see [6] for a general reference). Let "K 
be a separable infinite-dimensional Hilbert space. The CAR algebra A($i) is defined as 
the unique, up to ^isomorphism, unital C*-algebra generated by operators a(£) for £ E "K 
such that the map £ i— > a(£)* is linear and the anticommutation relations 

a(Oa(C) + a(C)a(0 = 0, 

hold for all e J{. The C*-algebra A(M) is *-isomorphic to the type 2°° UHF alge- 
bra and has a unique tracial state [6]. The weak operator closure (equivalently, strong 
operator closure) of A(!K) in the tracial representation is isomorphic to the hyperfinite 
Hi factor Prop. III. 3. 4. 6] and we will write it as W(IK). Corresponding to a unitary 
operator U on K is the Bogoliubov automorphism of A{"K) determined by a(£) i—* a(U£) 
for £ 6 K. A representation 7r G Rep(G, K) gives rise via Bogoliubov automorphisms to 
a continuous action of G on A(!K). Every continuous action of G on the CAR algebra by 
*-automorphisms is trace-preserving and hence extends to a continuous action on W("K). 
We refer to these actions as Bogoliubov actions. The tracial state r on A{"K) is determined 
by 

r(a*(£i) • • • a*(6>(Cm) ■ ■ ■ «(Ci)) = <W2~ n det((&, C;))^. 
The tracial GNS representation (7r T , !K t , £l T ) and the corresponding unitary implemen- 
tation on K r of a unitary representation a of G on IK can be described as follows (see 
Section 2 of [16J for more details and references). The antisymmetric Fock space F{"K) is 
defined as (B^L A n CK where A n IK is the nth antisymmetric tensor power of K, which for 
n = is defined as C with unit vector Vl. We have an irreducible representation p of the 
CAR algebra on -F(K) determined by 

p(a(0*)Ci A • • • A Cn = C A Cl A • • • A Cn- 
For a unitary operator U on K we write F(U) for the unitary operator on F(JC) which acts 
on A n IK as [7® n and as the identity on £1. Writing "K for the conjugate Hilbert space of !K 
and £ i— ► £ for the canonical antilinear isometry from IK to K, we define a representation 
vr of A(JC) on *W ®2 -F(K) by 

7r(o(0) = [p(a(£)) ® ^(-1) + 1 ® • 

It can then be checked that the vector state on A{"K) associated to Q<g>f2 coincides with t, 
so that 7r r can be identified with a subrepresentation of tt. Writing (3 for the Bogoliubov 
action associated to a and F(a) for the unitary representation s t— > F(a s ) of G on F("K), 
we observe accordingly that the representation Kg o °f G on K T Cf2 T arising from (5 can 
be viewed as a subrepresentation of 

(F(a) ® 1 G ) (F(ff)o ® F(ff)o) © (1g © ^)o) 

where F(tt)q for a representation 7r means the restriction of F(tt) to the orthogonal com- 
plement of CfL Since a tensor product of two representations is weakly contained in a 
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tensor product of two other representations under the assumption of factorwise weak con- 
tainment, we see that if a is weakly contained in \q then so are F(a)o and F(a)o and 
hence so is Kpo- Since weak mixing for representations is preserved under taking tensor 
products, we also observe that if a is weakly mixing then (3 is weakly mixing (as can 
alternatively be seen using the formula for r from above). Note also from the formula for 
r that 7r embeds as a subrepresentation of up via the map i i — ► n T (V2a(£)*)a T from % to 
!K r . We will invoke these facts in the proof of Theorem 14.41 

In the following results M is assumed to be either L OQ (X, r) for some standard atomless 
probability space (X, r) or the hyperfinite Hi factor R with its unique faithful normal 
tracial state r. We write ActA(G, M, r) for the closed set of all a S Act(G, M, r) such that 
the associated representation K a ^ is weakly contained in the left regular representation. 
We also define 

WM A (G, M, r) = WM(G, M, r) n Act A (G, M, r), 

which is a Gs in Act(G, M, r), and write FWM A (G, M, r) for the set of free weakly mixing 
actions in Act A (G, M, r), which for countable G is a Gs by Lemma 14.31 

To establish the following theorem we argue by contradiction following the scheme of 
the proof of Theorem 13.7 in |31j . 

Theorem 4.4. Suppose that G is countably infinite. Then up to conjugacy the elements 
of FWM A (G, M, t) do not admit classification by countable structures. 

Proof. Suppose that there does exist a Borel function F from FWM A (G, M, r) to the space 
Ql of countable structures on some countable language L such that a is conjugate to (3 if 
and only if F(a) = F{(3). By Theorem 13.31 and Proposition 13.61 there is a dense Gs set Z 
of weakly mixing representations in Rep A (£r, JC) on which the action of IX(Jf) is turbulent. 
Fix an action a in ActA(G, M, r) which is free and weakly mixing, such as a Bernoulli shift 
(see Subsection 14. ip . Then for every 7 G WM(G, M,t) the action a (g> 7 is weakly mixing 
and, by Corollary 1.12 of [29], free. 

Recall from the discussion above that if n is a weakly mixing representation in Rep A (G, !K) 
then the associated Gaussian action (if M = L oq (X,t)) or the associated Bogoliubov ac- 
tion (if M = R) is contained in WM A (G, M,r). By Theorem 3.18 of [26] there exists a 
K 6 ®l such that F{a <g> (3^) = K for all 7r in a comeager subset Zq of Z, where n is 
the associated Gaussian or Bogoliubov action and a (g> n is viewed as an action on M via 
some fixed isomorphism. Thus there is an a £ WM A (G, M, r) such that a is conjugate 
to a <8> /?7r for all tt 6 2o. But then K a contains every representation in Zq, which is a 
contradiction because the set of representations in Rep A (G, !K) which are disjoint from K a 
is a dense Gs by Lemmas 12.41 and 13.21 and hence has nonempty intersection with Zq . □ 

The techniques of Hjorth using irreducible representations [25] |31| Thm. 13.7] can be 
applied to give nonclassifiability-by-countable-structures results for actions of any second 
countable locally compact group which is not compact and not type I. This excludes 
however many groups of interest, such as M rf and SL(2, R). The following theorem applies 
in particular to all noncompact separable Lie groups which are not amenable [U Thm. 2.5] 
as well as many, if not all, which are amenable. To put the hypotheses into perspective, we 
remark as in Section [3] that Fell constructed an example of a noncompact second countable 
locally compact group with countable dual (see Section IV of PQ). 
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For a closed set G C G, we write Rep c (G,!H) for the closed set of representations in 
Rep(G, 5f) which are weakly contained in G, and WM C (G, %) for WM(G, IK)nRep c (G, 5£). 

Theorem 4.5. Lei G be a second countable locally compact group such that either (i) G is 
not amenable and G\ is uncountable, or (ii) G is amenable and the set of isolated points 
in G is not dense. Then up to conjugacy the elements o/ WMj(G, M, r) do not admit 
classification by countable structures. 

Proof. Let IK be a separable infinite-dimensional Hilbert space. Suppose first that G is 
not amenable and G\ is uncountable. Let C be the closed set of condensation points of 
G\, which is nonempty by the uncountability of the latter. Since G is not amenable G\ 
contains no finite-dimensional representations, and so WMc(G, !H) = Rep c -(G, !H). By 
Theorem 12.51 there is a dense G$ set Z C WMc(G, 3f) on which the action of It (IK) is 
turbulent. Suppose that there exists a Borel function F from WM\(G, M, r) to the space 
@L of countable structures on some countable language L such that a is conjugate to 
(3 if and only if F{a) = F{(3). Theorem 3.18 of [26] yields the existence of a K E @l 
such that F(P 7T ) = K for all tt in a comeager subset Zo of where n is the associated 
Gaussian action if M = L 00 (X, r) or the associated Bogoliubov action on W(IK) if M = R 
(which, as in the proof of Theorem 14.44 are both weakly mixing since tt is weakly mixing) 
and f3 n is viewed as an action on M via some fixed isomorphism. Consequently there is 
an a E WM\(G, M,t) such that a is conjugate to (3^ for all tt E Zq. Then K a contains 
every representation in Zq, which is a contradiction because the set of representations 
in WMc(G,!K) which are disjoint from Kfj IS Si dense Gs by Lemma 12.41 and hence has 
nonempty intersection with Zq. Thus WMc(G, M, r), and hence also WM\(G, M, r), does 
not admit classification by countable structures. 

Suppose now that G is amenable and the set of isolated points in G is not dense. Then 
WM(G,M) = WM\(G, %) and this set is a dense G s in Rep(G,K) 01 Thm. 2.5]. Then 
by Theorem 12.51 there is a dense Gs set Z C WM(G, "K) on which the action of IX(Di) is 
turbulent. Using this Z we can now carry out an argument by contradiction as in the first 
paragraph to obtain the desired conclusion. □ 

Remark 4.6. Conjugacy can be replaced by unitary equivalence in the statement of each 
of the theorems in this subsection, as is clear from the proofs. 

5. Turbulence and actions on the hyperfinite Hi factor 

Our main goal in this section is to establish turbulence in the space of free actions of 
a countably infinite amenable group on the hyperfinite Hi factor R. In Subsection 15.11 we 
show the meagerness of orbits in the space of actions of a countably infinite amenable group 
on R by developing a noncommutative version of an entropy and disjointness argument of 
Foreman and Weiss [17J. In Subsection 15.21 we show for general second countable locally 
compact G how to construct a G-action on R which has dense orbit and is a turbulent 
point, and then deduce turbulence in the space of free actions when G is countably infinite 
and amenable by applying a theorem of Ocneanu. 

As usual, G is assumed to be a second countable locally compact group, subject to 
extra hypotheses as required. In this section r will invariably denote the unique normal 
tracial state on R. We write Aut(i?) for the automorphism group of R and Act(G, R) 
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for the set of continuous actions of G on R. We regard these as Polish spaces under the 
topology defined in Section HI where we have dropped r in the notation since every action 
on R is r-preserving. The set of free actions in Act(G, R) will be written Fr(G, R). We 
will require the following two lemmas relating to freeness. 

Lemma 5.1. Suppose that G is countable. Then Fr(G,R) is a dense Gs subset of 
Act(G,R). 

Proof. By Lemma [4. 31 we need only show the density. Find a free action (3 in Act(G, R). If 
G is infinite we may take a Bernoulli shift (see the first part of Subsection 14. ip . while if G is 
finite then we may take an embedding <p of G into the unitary group of M n for some n and 
then use s h-> (Ad tp(s))® m by Proposition 14. 11 Take a dense sequence {aj}^ 1 in Act(G, R) 
and let a be an element of Act(G, R) which is conjugate to P0^>^i an G Act(G, R®R® n ). 
Then the orbit of a is dense in Act(G, R), as can be established using an argument as 
in the proof of Lemma 3.5 in [35]. Moreover, a is free since the tensor product of a free 
action with any other action is free \29\ Cor. 1.12], completing the proof. □ 

Lemma 5.2. Suppose that G is countable and amenable. Then every free action in 
Act(G,R) has dense orbit. 

Proof. A theorem of Ocneanu shows that if G is a countable amenable group then given 
free actions a, (5 G Act(G, R), a finite set K C G, and an e > there exist a # G Aut(i?) 
and unitaries u s G R for s G K such that, for every s G K, \\u s — 1 1 1 2 < £ and ce s = 
8 o (Adu s ) o j3 o Q~ l (see Section 1.4 of [38] ). Consequently the orbit of every free action 
is dense in Fr(G, R), and so by Lemma 15. II we obtain the result. □ 

5.1. Entropy, disjointness, and meagerness of orbits. We will use the entropy of 
Connes-Narnhofer-Thirring [11] as applied to actions of discrete amenable groups on R. 
For a general reference on CNT entropy see [37] . A channel is a u.c.p. (unital completely 
positive) map 7 : B — > R where B is a finite-dimensional C*-algebra. Given channels 
7i : B — > R for i = 1, . . . ,n we write H T (ji, . . . ,7 n ) for the supremum of the entropies 
of the Abelian models for 71, . . . ,7„ (see Section III of [llj). By Theorem IV. 3 of [11] 
the function H T (-) is continuous with respect to the trace norm in the sense that, given a 
finite-dimensional C*-algebra B, for every s > there is a 5 > such that, for all n G N, 
if 7j, 7 ■ : B — > R are channels with sup|| a || <1 ||7j'(a) — 7i(a)||2 < S for i = 1, . . . ,n then 

l^r(7i,--->7n)-- H 'r(7i,---,7n)| < ne. 

Suppose now that G is discrete and amenable and let a G Act(G, R). We define /i T (7, a) 
as the limit of 

— -if T ((a s o 7 ) seF ) 

as F becomes more and more invariant. This limit exists by subadditivity |361 Theorem 
6.1] [331 Proposition 3.22]. The CNT entropy h T (a) of a is then defined as the supremum 
of /i r (7, a) over all channels 7 : B — > R. 

Lemma 5.3. Suppose that G is countably infinite and amenable. Then the set of a £ 
Act(G,R) with h T {a) = is a dense Gg. 



18 



DAVID KERR, HANFENG LI, AND MIKAEL PICHOT 



Proof. It suffices to show that, given an e > 0, the set S e of actions in Act(G, R) with 
entropy at most e is a dense Gg, since the collection of zero entropy actions is equal 
to HnLi S\/ n . Take a F0lner sequence {Fk}^ =1 in G and finite-dimensional subfactors 
N\ C A^2 C . . . of R with trace norm dense union. Let j n : N n > be the inclusion map 
for each n G N. Then for all n, m, I G N the set ^(n, m, Z) of all a G Act(G, R) such that 

#r((a s o 7 n ) s6F ) < (e + -) \F k \ 

for some k > m is open, and by the continuity properties of entropy is equal to 
fl£i D^=i f1m=i S E (n,m,l), which is a Gg- Kawahigashi showed in [30J that there exist 
free actions realizing all possible nonzero values of entropy in the sense of Connes and 
St0rmer, to which CNT entropy specializes in this case [37] . Since the orbit of every free 
action is dense in Act(G, R) by Lemma [531 we conclude that S £ is dense. □ 

Remark 5.4. For any von Neumann algebra M with separable predual and faithful 
normal state r, the set of a G Act(G, M, r) with h T (a) = is a Gg. To see this one can 
argue as in the proof of Lemma [5. 31 by taking the sequence {7„,}^ =1 to consist of a union of 
countable point-r-norm dense sets of channels B — > M over a collection of representatives 
B of the countably many isomorphism classes of finite-dimensional G*-algebras. 

The notions of joinings and disjointness [19] can be extended to noncommutative actions 
as follows. A joining is a certain type of correspondence [T21 App. V.B][43j and as such we 
need to consider opposite algebras in order to formulate the definition as in the commu- 
tative case. For a G*-algebra A we write A op for the opposite G*-algebra, which has the 
same *-linear structure as A but with the multiplication reversed. If A is a von Neumann 
algebra then so is A op . For an element b G A we write b for the corresponding element of 

A op . An action f3 on A gives rise to an action /3 op on A op defined by /3° p (a) = /3 s (a) for 
all s G G and a G N. 

Definition 5.5. Let M and iV be von Neumann algebras with faithful normal tracial 
states t and a, respectively. Let G a locally compact group. Let a G Act(M, G, r) and 
(3 G Act(iV, G, a). A joining of a and (5 is an (a <8> /3 op )-invariant state on the maximal 
C*-tensor product M ® max N op whose marginals are r and a. We say that a and (5 are 
disjoint if r <g> a is the only joining of a and (5. 

Note that the definition of joining is symmetric in the sense that an (a® /3 op ) -invariant 
state on M (S> max N op corresponds to an (f3 <g> a op )-invariant state on iV (8> max M op via the 
canonical isomorphism of the latter with the opposite C*-algebra of M <S> ma x 

Specializing the picture for general correspondences between von Neumann algebras [12} 
App. V.B] [l3j §1.2], we see that there is a bijective correspondence between the joinings of 
two actions a G Act(M, G, r) and (5 G Act(iV, G, a) and the G-equivariant unital complete 
positive maps ip : M — > N such that r = a o ip. We associate to a joining w of a with 
(3 such a unital completely positive map <p : M — > N as follows. We define the bounded 
operator S : L 2 {N,o~) — > L 2 (M ® max -/V op ,u;) by setting 5a = 1m (g> a for a G A, viewing 
all of these elements as vectors in the appropriate GNS Hilbert space. We also define the 
representation tt : M — > 23(L 2 (M® max A op ,a;)) by vr(a)C = (a(g) 1jv°p)Cj viewing M(g>ljv°p 
as acting on L 2 (M(g> max A op , w). For a G M set p(a) = S*n(a)S. Then S'*7r(a)S' commutes 
with right multiplication by elements of N on L 2 (N,o~), so that ip(a) G (A')' = A. 
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In the reverse direction, given a G-equivariant unital complete positive map ip : M — > N 
such that r = a o <p, we define on = M ® N the sesquilinear form 

(ai (g) hi, a 2 (8> h 2 ) ¥ , = (T^a^aOhih^), 

take the completion 5C of !Ko modulo the null space of (',')&, and observe that the left 
and right actions of M and N, respectively, pass to commuting actions on "K. This gives 
a representation of M <8> ma x N op , with G-invariant vector state to arising from the class of 
1m <S> Ijv hi CK and having r and <r as marginals. Note in particular that the identity map 
on M gives a joining of a with itself (the diagonal joining) which, as long as M / C, is 
different from the product joining. Thus every action in Act(G, M, r) for M 7^ C is not 
disjoint from any of its conjugates. 

It is easily checked that, under the above correspondence, the image of 93 is the scalars 
precisely when it corresponds to the product state t®<j by the assumption on the marginals 
in the definition of joining. This observation was used in [Mj to a give a linear-geometric 
proof of the disjointness of zero entropy and completely positive entropy actions of discrete 
amenable groups on a probability space. We will also apply this perspective in the proof 
of the following lemma, only now using CNT entropy instead of l\ geometry. 

Lemma 5.6. Suppose that G is countably infinite and amenable. Let a be an action in 
Act(G,R) with h T (a) = 0. Then a is disjoint from every action in Act(G, R) which is 
conjugate to the Bernoulli shift on the weak operator closure of M® ■ 

Proof. We view R as (M2,tr)® G and write (3 for the Bernoulli shift on the latter. Let 
7 : B — > R be a channel. By Proposition 3.1.11 of [37] we can find a channel 7' : B — > R 
such that \H T (i) - H T (j)\ < F T ( 7 )/4. and 7' (5) C Mf K for some finite set K C G. 
Given a nonempty finite set FCG, take a subset F' C F which is maximal with respect 
to the property that s £ KK~H for all distinct s,t G F'. Then \F'\ > \F\/\KK~ 1 \ and 
ffr((Ao7') S £F') = 1^1^(7'), and hence 

H T m o y) s eF>) > H T m o 7 ') seF ,) - \\F'\H T ( 7 ) 
= 1^1^(70-^(7)) 
> ^1^(7) 

Now suppose we are given a r-preserving u.c.p. map ip : R — > R such that if o a s = (3 S o (p 
for all s £ G. Then applying the above inequality to (p o 7 and using the monotonicity 
properties of H T (-) we have 

~\F'\H T (cp o 7) < H T ((f3 s o <p o j) seF ,) 

= H T ((tp oa s o j) seF >) 
< H T ((a s 07)^) 

and so 

-^-H T ((a s o 7 ) seF ) > ^ K H T {[a a o 7) s£ f') 
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> — ; ttH t (lp o 7). 

- 2\KK- 1 \ T ^ 11 

But YF\H T ((a s o j) s€ p) — > as F becomes more and more invariant since a has zero 
entropy. Therefore H T {ip o 7) = 0, and so p o 7 maps into the scalars [371 Lemma 3.1.4]. 
It follows that cp is the map a *— > r(a)l#, yielding the lemma. □ 

The following generalizes a result of del Junco from the commutative case 



Lemma 5.7. Let M be a von Neumann algebra with separable predual and faithful normal 
tracial state r. Let a G Act(G, M, r). Then the set a 1 - of actions in Act(G, M, r) that 
are disjoint from a is a G$. 

Proof. For a compact set K C G, finite sets 0,6 C M and T C M*, and e > we write 
£1, 0, T, e) for the set of all /? G Act(G, M, r) for which there exists a <5 > such that if 
p : M — > M is a r-preserving u.c.p. map satisfying \\a s (<p(a)) — p((3 s (a))\\2 < S for all s 6 K 
and a£l! then |u;((/?(a)) — r(a)w(l)| < e for all a G © and w G T. It is readily checked that 
S(K, f2, 0, T, e) is open. Take an increasing sequence K\ C ^ ■ ■ ■ of compact subsets 
of G such that Un=i is dense in G, and increasing sequences Hi C H 2 Q ■ ■ ■ and Tj C 
T2 C • • • of finite subsets of M and M*, respectively, such that U^Li is r-norm dense 
in M and U^Li is norm dense in M*. Then 5 := f|^Li Um=i ^(-^m; fi m, ^n, T n , 1/n) 
is a G5, and to complete the proof we will show that it is equal to a . 

Clearly S C a^~. So let /? G Act (G,M,t) \ S and let us show that (3 ^ a^~. For some 
n G N we have ^ Um=i S(Km, ^m> ^n, T n , 1/n). Then for every m G N there is a 
r-preserving u.c.p. map p m : M — > M such that [|a s (y> m (a)) — p ro (A(o))||2 < 1/m for 
all s G if m and a G Cl m and sup a€f2n ^ gTn |u;(^ m (a)) — r(a)a>(l)| > 1/n. We can then 
find a subsequence {<p mk }kLi> an ao G O n , and an ujq G T n such that \uJo(p mk (ao)) — 
r(ao)cJo(l)| > l/ n fo r all fc. Now take a point-weak* limit point (p of {</J m JfcLi' Then 
p is r-preserving, a s o p = ip o /3 S for all s £ G, and |a;o(^(«o)) — r(ao)cuo(l)| > 1/n, so 
that defines a joining different from the product one. Thus (3 ^ a , and so S = a -1- , as 
desired. □ 

Lemma 5.8. Suppose that G is countably infinite and amenable. Let a be an action in 
Aut(G,R) with h T (a) = 0. Then a 1 - is a dense Gs subset of Aut(G, R). 

Proof. By Lemma 15.71 it suffices to show that is dense. As observed in Subsection 14.11 
the Bernoulli shift on the tracial weak operator closure of Mf is free, and so any action 
in Act(G, R) that is conjugate to it has dense orbit by Lemma I5T21 Thus a is dense by 
Lemma 15.61 □ 



Lemma 5.9. Suppose that G is countably infinite and amenable. Then every orbit in 
Act(G,R) is meager. 

Proof. Let a G Act(G, R) and suppose that the orbit is not meager. Then h T (a) = by 
Lemma 15.31 But then a 1 - is a dense Gs by 15.81 and every action in a 1 - is disjoint from 
every action in the orbit of a, yielding a contradiction. □ 



5.2. Turbulence. All infinite tensor products in what follows are with respect to the 
trace. 
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Lemma 5.10. Let {a,i} ( ^L l be a dense sequence in Act(G, R), and let a be an element 
of Act(G, R) which is conjugate to (g)~ 1 (o!i (g> id R ) G Act(G, (R®R) m ). Then a is a 
turbulent point and has dense orbit for the action of Aut(i?) on Act(G, R). 

Proof. To show that a is a turbulent point, let Y be a neighbourhood of a in Act(G, R) 
and Z a neighbourhood of idj^ in Aut(i?) and let us demonstrate that the closure of the 
local orbit 0(a, Y, Z) has nonempty interior. By shrinking Y and Z if necessary we may 
suppose that Y = Y a: K,n,e and Z = Z-^q^ for some compact set K C G, finite set f2 C R : 

and s > 0. 

Let ^67. We will argue that 9 is contained in 0(a, Y, Z). Let L be a compact subset 
of G containing K and T a finite subset of R containing Let 5 > be such that 
||0 s (a) — a s (a)||2 < £ — (5 for all a G and s G A. For simplicity we will view R as 
(R®R)® n with a acting as 0^ 1 (aj id#). Take a fc G N large enough so that there is 
a finite-dimensional subfactor A C (RfgiR)®^ 1 '^ such that for every a G U s eLu{e> ^sCO 
we have H-E'(a) — a 1 1 2 < (5/12 where .E 1 is the trace-preserving conditional expectation from 
(R(3R)® n onto iV<8>l, with 1 denoting here and for the remainder of the paragraph the unit 
in ( J R®iZ)®[ fc+1 ' 00 l. For a G T we write a' for the element of A such that E(a) = a' <g> 1. 
Extend the embedding A <^-> (R®R)®^ given by a w a ® 1 to an isomorphism $ : 
(i?®^)®! 1 ^] -► {R®R) m and define the action of G on (i^i?)®! 1 ^ by s ^ ofl s o$. 
For a 6 T and sGlwe have, noting that $(a') = £(a) and $ -1 (.E(0 s (a)))<8)l = E(6 s (a)), 

\\6 s (a) - 9 s {a') ® 1|| 2 = ||0 s (a) - ^(^(a))) ® 1|| 2 

< ||0 s (a) - £(0 s (a))|| 2 + || $ _1 (£(0 S (a)) - s (a)) 1|| 2 
+ \\<$>- 1 {6 s {a- E{a)))®l\\ 2 

< 12 + 12 + 12~4' 

Abbreviate (2)^ =1 (aj <8> id#) to a and fix an identification of (R&iR)^ 1 '^ with i?, so that 
a and are regarded as actions on R. By the density of the sequence {aj}^ 1 we can find 
an integer I > k such that ||0 s (a') — az,s(a') || 2 < 5/4 for all s G L and a G T. Note that, 
for all s G A and s£(], 

||o- s (a') - ai >s (a')\\ 2 < \\os(a') 1- a s (a)|| 2 + \\a s (a) - s (a)\\ 2 

+ \\e s (a) - 6 s {a') ® 1|| 2 + ||0 s (a') - a M (a')|| 2 
<5 . (5 <5 

< 12 +£ - 5+ 4 + 4 
5(5 

= £ -12- 

Take an integer n > 64e -2 max{||a|| : a G fi}. Since i? = M ra ® i? and a contains 
infinitely many tensor product factors equal to icl^, we can view a as a ® ol\ ® idjv <8> /5 
acting on R®R<&N(&R where A is a I n factor and p is some automorphism of R. Let C be 
a commutative n-dimensional *-subalgebra of A. Let e±, . . . , e n be the minimal projections 
of C. For a set E C {1, . . . , n} we write 7^ for the automorphism of (g) C which 
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sends Ya=i °>i ® e i 6 (R®R) ® C to 

^(oi) (8) ej + ^ Oi®ej 

ie£ ie{l,...,n}\£ 

where /3 is the tensor product flip automorphism of R®R. Then for every a G T and s£L 
the image a" of a' <g> l^c under 7^ • (a s (8> a/ jS (8) idc) is equal to 

ff 8 (a') ® 1r<8> (1-p) + aj i8 (o') ® 

where p is the projection X^ie-E e *' ana - nence > f° r a £ ^ an d s G K, 

55 

\\a" - a s (a') <8> l^clh < IK(a') - ckz,s || 2 ||j>|| 2 < e - y^- 

Since every automorphism of the hyperfinite Hi factor is approximately inner |46^ Thm. 
2.16] and 7^ fixes the elements of l^/j <8> C, we can find a unitary u € R(&R (8) C such 
that ||u6u* — Ts(^) II2 < <V^ f° r an elements 6 equal to ((a s ®a; jS (glide) °7s 1 )( a ' ® lfl®c) 
for some s e LU {e} and o 6 T or to a' li?®c for some a G T. Regarding R®R (8) C 
henceforth as a subalgebra of R&R&N&R under the embedding given on elementary 
tensors by a®a®ch^a®a®c® 1r, we set je = Adu G Aut(R®R(§N®R). With an 
untagged 1 denoting henceforth the unit of R(giN(3R, for all a G T we have, noting that 
7/3(0' <8> 1) makes sense as a' ® 1 lies in the subalgebra of which 7^ is an automorphism, 

H^V ® 1) - 7 ^ 1 (a ® 1)|| 2 = h E {l E \a ® 1)) - 7£(7iV ® 1))[| 2 < ~ 

and hence, writing d for the restriction s ^ a s ® a/ jS (8> idc of a to R®R (g) C, for s G L 
we have 

||(7B • a) s {a' (g 1) - ( 7i5 • 5),(a' <g 1)|| 2 

< \\lE o 1)- 7 ^ 1 (« / ® l))l|2 

+ Ute^s Ie 1 ^' ® !)) ~ 7s(a s Ts 1 ^' ® 1)|| 2 

Thus for a G f2 and s G K we have 

(7s • a) s (a) « 5/12 (7b • a) s (a' 8) 1) 
~5/4 (7B • a)s( a ' ® 1) 

~e-5<5/12 CTs(o') <g> 1 

= a s (a' (8) 1) 

~5/12 Q «( a ) 

so that 7e • q G F, while in the case that E = {1, . . . , n} we have, for a G T and s G L, 

(f/E ■ a) a (a) &s/l2 ilE ■ a) s (a' (8) 1) 

-8/4 (7{i,...,n} • a) a (a'®l) 
= oti iS (a') (8> 1 
« 5/4 9 s {a!) (8) 1 
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~5/4 Os{a) 

so that 7E-a£ Y$,L,r,6- 

Note that, for alii = 1, . . . , n and a € Q, 

\\lm(a' <8> 1) - a'® 1|| 2 < \\(3{a') - a'|| 2 ||ei||2 < ^ " 

- "n 



and thus 

Il7{i}0) - ah < Il7{i}(a -a'® 1)|| 2 + ||7{i}(a' <8> 1) - 7{i}(a' ® 1) II 2 

+ Il7{i}( a ' 8) 1) — o 7 (8 1 1| 2 + 8) 1 — a|| 2 



e e 21 al e 

< 7 + 7 + + 7 

< e, 



so that 7{j} G Z. From the previous paragraph, the action (tt/} ° Tfj-i} ° • • • ° 7{i}) " a = 
7{i,...,i) ' a i s contained in V for every j = 1, . . . , n, while (7{ n } ° 7{n-i} ' ' ' 7{i}) ' a = 
l{l,...,n} ' a 1S contained in l6»,L,T.5- We conclude that 9 £ Q(a,Y,Z) and hence that 
Y C 0(a, y, Z), so that 0(a, y, Z) has nonempty interior, as desired. 



The density of the orbit of a now also follows, since we showed that Y C 0(a, Y, Z) for 
any Y of the form n i£ . □ 



The following is the analogue of Theorem 13.3 in 

Theorem 5.11. The following conditions are equivalent: 

(1) every Aut(R)-orbit in Act(G,R) is meager, 

(2) the action of Aut(i?) on Act(G,R) is generically turbulent. 

Moreover if G does not have property T then (1) and (2) are equivalent to each of the 
following: 

(3) every Aut(R)-orbit in WM(G, R) is meager, 

(4) the action of Aut(R) on WM(G, R) is generically turbulent. 

Proof. By [35J Thm. 3.8], the G s subset WM(G,i?) of Act(G,i?) is dense precisely when 
G does not have property T. Thus, since meagerness of orbits is part of the definition of 
generic turbulence, it suffices to show (1)=>(2), and this follows by Lemma 15.101 □ 

Remark 5.12. By Lemma |5.1| when G is countable and does not have property T we 
can replace WM(G, R) by the set of free weakly mixing actions in Act(G, R) in the above 
theorem. 

Lemma 5.13. Suppose that G is countable and amenable. Let a be a free action of G on 
R. Then a is a turbulent point for the action of Aut(i?) on Act(G, R). 

Proof. By Lemma 15.101 there exists an action (3 of G on R such that for any finite set 
K C G and Vt C R and e > 0, the neighbourhood Y = Yg Kile °f P is contained 



in Q(/3,Y, Z), where Z = Z-^q^. Note that G has a free action on R by Lemma I5.1| 
and so we may assume that f3 is free by taking a\ in Lemma 15.101 to be free, since 
the tensor product of a free action with any other action is free [29], Cor. 1.12]. For 
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a 7 G Aut(.R) we have lYp tK ,n,£ = Y T/ 3 tK ,jn,£ and ^/Z idi n j£ ^ 1 = Z idr/ n i£ , and hence 
jO((3,Y/3 )K> n )E , Z id) n >£ ) = 0(7 • (3,Y r /3,K,~/n,e, ^id, 7 n, E )- Thus 7 • /3 also has the property 
according to which /? was chosen. 

Now let Y and Z be neighbourhoods of a and id# in Act(G, R) and Aut(i2), respectively. 
Shrinking Y and Z if necessary, we may assume that Y = Y a kq, e an d Z = Z^q^ for 
some K, £1, and e as above. We claim that Y C 0(a, Y, Z). Let # G Y. Then 6 G Y a K,ci,e' 
for some < e' < e. Let L be a finite subset of G containing K, T a finite subset of i? 
containing Q, and <5 G (0, (e — e')/2). By the theorem of Ocneanu in Section 1.4 of [38J, 
we can find unitaries u s G R for s G L and 7 G Aut(-R) such that ||w s — 1 1 1 2 < 5/4 and 
(7 " P)s = Adu s o a s for all s G L. Note that 

|| (p • (7 • 0)),(a) - (p ■ a) s (a)\\ 2 = \\p(u 8 )((j> ■ a) s (a))p(n s )* - (p • a) s (a)|| 2 

<2||p(« a )-l||2 = 2||«,-l|| 2 
< 5/2 

for all s G L, a G T and p G Aut(i?). Set Y s = Y T p ;Kj n j£l+S / 2 . Then 9 6 y { C 
0(7 • (3, Ys, Z). Thus there exists an r\ G 0(7 • /?, Y^, Z) n Kji x jrt, The above inequality 
shows that we can find a £ G 0(a, Y, Z) n Yfj i t,5/2' Then ( £ 0(a, Y, Z) n Ytf,x,T,*- This 
proves the claim. Therefore a is a turbulent point. □ 

Theorem 5.14. Suppose that G is countably infinite and amenable. Then the action of 
Aut(-R) on Fy(G,R) is turbulent. 

Proof. Combine Lemmas 15.11 15.21 15.91 and 15.131 □ 

As a consequence of Theorem 3.21 and Corollary 3.19 in [26] and Theorem 15.141 we 
obtain the following. 

Theorem 5.15. Suppose that G is countably infinite and amenable. Then no Aut(i?)- 
invariant dense G$ subset ofFi(G,R) admits classification by countable structures. 

Note that when G does not have property T the set of weakly mixing actions in 
Act (G,R) is a dense G$ [35], and so when G is countably infinite and amenable the 
free weakly mixing actions form an Aut(i?)-invariant dense G$ subset of Fr(G, R) seeing 
that the latter is a dense G$ in Act(G, R) by Lemma 15. 11 

6. Flows and generic turbulence 

Let (X,p) be a standard atomless probability space. The Polish space Act(G,X,p) of 
continuous ^-preserving actions of a second countable locally compact group G on (X, p) 
with the weak topology can be identified with Act(G, L°°(X, p), p) as defined in Section [H 
The Polish group Aut(X,p) of /i-preserving transformations of (X,p) can be viewed as 
Act(Z, X,pi). We write Erg(G, X, p) for the G5 subset of ergodic actions in Act(G, X, p). 
We say that an action a G Act(G, X, p) is totally ergodic (resp. totally weakly mixing) if 
the single automorphism a s is ergodic (resp. weakly mixing) for every s G G \ {e}. 

By [35] the set of weakly mixing actions in Act(M, X, p) is a dense G$- We have moreover 
the following. 

Lemma 6.1. The set of totally weakly mixing actions in Act(R, X, p) is comeager. 
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Proof. Take an increasing sequence CPi < !P2 < • • ■ of finite measurable partitions of X 
whose union generates a dense subalgebra of the measure algebra. For each n E N write 
W n for the set of all actions a S Act(M, X, fj,) such that there exists a real number r >n 
for which \n(a t (A) D B) - ^(A)fi(B)\ < e for all A, B £ 7 and t £ [r,r + n]. If we take 
/? in the proof of Theorem 4.2 in [35] to be a mixing action (such as the Gaussian action 
associated to the left regular representation of K) , then the argument there shows that we 
can approximate any action in Act(M, X, /i) with one in W n . Thus DnLi ^™ ^ s a d ense 
Gs, and it consists entirely of totally weakly mixing actions, as is easy to see using the 
characterization of weak mixing given by Corollary 1.6 of [4]. □ 

Theorem 6.2. The action of Aut(X, /x) on Erg(M, X, fi) by conjugation is generically 
turbulent. 

Proof. By [45] Erg(M, X, /i) is a dense G s in Act(R, X, //), and so by [Ml Thm. 3.21] it suf- 
fices to prove that the action of Aut(A, //) on Act(M, X, /it) is generically turbulent. Notice 
that the proof of Lemma 15.101 works mutatis mutandis with R replaced by L°° (X, /i) , the 
main difference being that the approximation of 'Je by an inner automorphism should be 
replaced by taking a tensor product of 7e with the identity automorphism. Consequently 
there exists a turbulent point in Act(M, X, fj,) with dense orbit. It thus remains to verify 
that every orbit in Act(K, X, jit) is meager. So let a G Act(M, X, /i) and let us show that the 
orbit of a is meager. By Lemma 16. II we may assume that a is totally ergodic. Note that 
periodic flows are disjoint from totally ergodic flows, as is easy to see by viewing joinings 
as unital completely positive maps according to the discussion after Definition 15.51 Since 
the periodic flows are dense in Act(lR, X, /i) by the Rokhlin lemma for flows [40|, Lemma 
11.1], we deduce in view of Lemma 15.71 that the set of actions in Act(R, X, fi) which are 
disjoint from a is a dense Gs, so that the orbit of a is meager, as desired. □ 

In the above argument one can also use as a substitute for Lemma 16.11 the fact that 
the set of flows which are ergodic at nonzero integral times is a dense Gs, which can be 
deduced from the Rokhlin lemma for flows. 
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